The conventional resonance conditions are derived based on the conventionally designed impellers without splitter blades. This paper proposes the resonance conditions for impellers under the excitation from the impeller-diffuser interaction with attention paid on the influence of splitter blades. A lumped parameter model is established and the modal analysis is carried out. The blade-based representative modal vector (RMV) is defined. The influence of splitter blades on the impeller's traits of modes is investigated by analyzing the spatial harmonic contents of the RMV. Then, given the specific form of the diffuser-induced engine order excitation acting on the main and splitter blades, the resonance conditions are derived. Tuned and mistuned cases are provided for a practical impeller. The resonance conditions are verified by harmonic response calculations. The applications of the proposed resonance conditions in resonance identification and hazard evaluation of different excitations are given. The differences between the proposed resonance conditions and the conventional ones are discussed. The research indicates that even the RMV of the tuned impeller contains two harmonic components due to the existence of splitter blades. When the excitation frequency equals the natural frequency of the impeller and the excitation order matches with either harmonic index of the two harmonics, the resonance occurs. The results of case studies show that the harmfulness of various engine orders of excitation can be exactly evaluated by the joint use of the spatial harmonic contents analysis result and the proposed resonance conditions; however, analyzing based on the conventional resonance conditions may lead to the misjudgment of the harmfulness of the excitations.
Introduction
Centrifugal compressors are widely used in gas turbine engines, turbochargers, and oil and gas industries [1] [2] [3] . The impeller is the vital component of the compressor. It can be classified as two types according to whether it has splitter blades: the conventionally designed impeller and the impeller with splitter blades. Research shows that adding splitter blades not only helps reduce blade loadings but also can improve the compressor performance [4] [5] [6] . Thus, the impellers with splitter blades are more and more used in engineering [7] [8] [9] .
For both conventionally designed impellers and impellers with splitter blades, high cycle fatigue (HCF) failure due to the forced vibration under the aerodynamic excitation is the main failure form [10] [11] [12] . The excitation from the impeller-diffuser interaction is the main excitation acting on the impeller. Because the impeller-diffuser radial gap is becoming smaller by design [13, 14] , the interaction is getting more intense and the resulting unsteady aerodynamic loads are bigger. Moreover, the five-axis machine is now a common tool for impeller machining and the impeller is machined as one piece with very low structural damping [15, 16] . As a result, these make the forced vibration of the impeller more prominent [17, 18] . Especially when resonance occurs, the resulting excessive vibration stress contributes more to the HCF of the impeller, which threatens the engine's reliability and integrity [19, 20] . Therefore, it is essential to investigate the resonance conditions of the impeller for identifying the potential resonances within the frequency range of interest. Besides, during the design phase of the compressor, the resonance conditions can also be utilized for choosing the appropriate number of diffuser vanes to avoid the resonances [21] .
The two types of impellers both belong to cyclic symmetric structures. Previous research has studied the resonance conditions of this kind of cyclic symmetric structure under traveling wave excitation, but only the conventionally designed impellers have been studied [22] [23] [24] . The research indicates that only when both the following conditions are simultaneously satisfied, can the resonance occur: (1) the frequency matching condition: the excitation frequency ω e equals the natural frequency of the impeller ω n ; (2) the shape matching condition: the harmonic excitation periodic shape matches the natural mode shape. From that, it can be seen that the resonance conditions of impellers are closely associated with two aspects of both the structural natural characteristics and excitation characteristics. However, due to the existence of the splitter blades, there are differences between these two types of impellers in the above two aspects. For instance, in most designs of impellers with splitter blades, splitter blades have the same blade profiles as the main blades but with shorter chord length. They are usually placed at the midpitch of the two main blades. In terms of aerodynmic forcing, the spatial harmonic contents of the unsteady pressure distribution at the impeller exit for impellers with splitter blades are different from those for conventionally desinged ones [25] . Besides, the load amplitudes of the main and the splitter blades are usually different too [25] [26] [27] .
Despite the above differences, very little attention has been paid to the influence of splitter blades on the resonance conditions of impellers. In most research, the vibration characteristics of the impellers are only analyzed based on the duplicated sector by utilizing the structural cyclic symmetry, and the influence of splitter blades is ignored. For example, Wu et al. [28] proposed a cyclic symmetry method for analyzing the impeller's dynamic characteristics, but the cyclosymmetry of which was demonstrated only from the perspective of the main blade mode shapes. Zhang et al. [29] conducted vibration analysis based on the duplicated sector of the impeller during multidisciplinary design optimization for a centrifugal compressor, but only the modal frequency was investigated. Weber et al. [30] also performed modal analysis based on the duplicated sector with focus on mistuning identification for the high-speed centrifugal impeller. Wang et at. [31] investigated the effects of cracks on the resonance characteristics. As a continuation of Wang et al.'s research, Chen et al. [32] proposed the quantitative identification method for blade crack faults in the centrifugal impeller based on the historical sensor-dependent vibration data. When calculating the forced response in the numerical simulation parts of their research, the engine order excitation was only applied on the main blades. Although Liu et al. [33] used the finite element model of the whole impeller to calculate the resonant response under unsteady aerodynamic excitation, the research focused on the influence of inlet distortion on the main blades' forced responses. Therefore, an in-depth study on the influence of splitter blades on the resonance conditions of impellers with splitter blades is necessary.
The influence of splitter blades on the resonance conditions of impellers is investigated in this paper and the resonance conditions of impellers with splitter blades are proposed. The study is organized as follows. In Section 2, a lumped parameter model of the impeller is established. The blade-based RMV is defined with the influence of splitter blades taken into consideration. The influence of splitter blades on the traits of modes is investigated by spatial harmonic contents analysis to the RMV. Then, with given the specific form of the diffuser-induced engine order excitation acting on the main and splitter blades, the resonance conditions of impellers with splitter blades are derived. In Section 3, numerical examples are provided. In the tuned case, the potential resonance is identified by the proposed resonance conditions and the conventional resonance conditions, respectively. In the mistuned case, the dangerous engine orders of excitation are determined with the help of the proposed resonance conditions and the harmfulness of these excitations is evaluated. The evaluation result is also compared with that obtained based on the conventional resonance conditions. In Section 4, the proposed resonance conditions and the hazard evaluation results are validated by the harmonic response calculations. The differences between the proposed resonance conditions and the conventional ones are discussed. Finally, the main conclusions of the research are summarized in Section 5.
Theoretical Analysis

Lumped Parameter Model of the Impeller with Splitter Blades
In order to more explicitly reveal the influence of splitter blades on the resonance conditions, a lumped parameter model of the impeller is established as shown in Figure 1 . Modal analysis is performed and the undamped equation of motion (EoM) of the i-th sector is given as Equation (1):
in which m b , αm b , and m d represent masses of the main blade, the splitter blade, and the disk part, respectively, q 1 and q 2 represent the displacements of the main blade and the splitter blade, q 3 and q 4 correspond the two disk parts, k b and βk b are the stiffnesses of the main and the splitter blade, k c is the coupling stiffness. Unlike the conventionally designed impellers which contain only one blade per sector, the impellers with splitters usually contain one main blade and one splitter blade per sector.
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Theoretical Analysis
Lumped Parameter Model of the Impeller with Splitter Blades
In order to more explicitly reveal the influence of splitter blades on the resonance conditions, a lumped parameter model of the impeller is established as shown in Figure 1 . Modal analysis is performed and the undamped equation of motion (EoM) of the -th sector is given as Equation (1): , α , and represent masses of the main blade, the splitter blade, and the disk part, respectively, and represent the displacements of the main blade and the splitter blade, and correspond the two disk parts, and are the stiffnesses of the main and the splitter blade, is the coupling stiffness. Unlike the conventionally designed impellers which contain only one blade per sector, the impellers with splitters usually contain one main blade and one splitter blade per sector.
Rewrite Equation (1) in matrix form
and the nondimensional EoM of the -sector impeller can be written as
Related properties of circulant matrices are utilized to solve the EoM [34] . Transformation of coordinates is introduced as Rewrite Equation (1) in matrix form
and the nondimensional EoM of the N-sector impeller can be written as
Related properties of circulant matrices are utilized to solve the EoM [34] . Transformation of coordinates is introduced as
Appl. Sci. 2019, 9, 2051 4 of 19 in which ⊗ represents the direct product (or Kronecker product), E N is N × N Fourier matrix as shown in Equation (5) in which w N = e j 2π N , and I 4 is the 4 × 4 unit matrix.
The original EoM is block decoupled by substituting Equation (4) into Equation (3) and multiplying from the left by (E N ⊗ I 4 )
H . Hence, the eigen equation of the decoupled EoM is written as
and the nondimensional natural frequency ω as shown in Equation (7) and the blade mode shape for the p-th mode of ND i − 1 can be written in the physical coordinate as Equation (8) 
Spatial Harmonic Contents Analysis to the RMV
The natural mode shape of the impeller needs to be matched with the harmonic excitation periodic shape, which is the necessary condition for the resonance of the impeller [23] . Therefore, after the modal analysis, a blade-based RMV is defined with the influence of splitter blades taken into consideration and the spatial harmonic contents analysis is performed to it in order to make clear the spatial distribution of the mode shape.
As for cyclic symmetric structures like impellers, the mode shape can be described based on the duplicated sector and the pattern of displacement formed by all sectors is similar to a harmonic wave [35] . Thus, the vector formed by modal displacements of nodes with the same relative position of the sector is also spatially sinusoidal, which is guaranteed by the cyclic symmetry properties. This kind of vector reflects the impeller's traits of modes to some extent, so we name it RMV. The simplest and the most common way to form the RMV is to extract the displacement at a node at the tip of the blades [36] [37] [38] . When performing the discrete Fourier transform (DFT) of the RMV, the harmonic component is nonzero only at the wavenumber index of the corresponding harmonic wave [36] .
As for impellers with splitter blades, each sector includes one main blade and one splitter blade. If the RMV is extracted based on structural cyclic symmetric property in the same way as the conventionally designed impellers, for example, extracting the displacement at a node at the tip of the main (or splitter) blades, the cyclic symmetry of the mode shape is indeed reflected; however, the influence of splitter (or main) blades on the whole impeller's traits of modes are ignored. Therefore, to guarantee that the whole structure's traits of modes are reflected adequately, the influence of splitter blades must be taken into account. Namely, the displacements should be extracted from all main and splitter blades to form the blade-based RMV. For example, q (p) Bi is the blade-based RMV for the model as shown in Figure 1 . Then, the spatial harmonic contents analysis is performed on it. can be represented as Equation (9) .
Partition U (p) Bi into real and imaginary parts:
Then the DFT result Q (p) Bi can be rewritten as Equation (12) 
in which
The (2k − 1)th and the 2kth element in F 1 and F 2 are written as Equations (14) and (15)
The Q (p) Bi obtained by DFT is a 2N × 1 real vector as shown in Equation (16), in which the elements distribute symmetrically around the center of the (N + 1)th element except for the first element. Thus, only the first N + 1 elements are discussed here due to their independence.
When the number of sectors N = 2p is even, only the circumstances of i = 1, 2, . . . p, p + 1 need to be discussed, which correspond to the 0, 1, . . . , p ND modes. Further, when i ∈ 2m − 1 m = 1, 2, . . . , p/2 + 1 , only the ith and the (N − i + 2)th ones of the first N + 1 elements are nonzero and the rest are all zeros because they are independent of a or b, which can be calculated by Equations (14) and (15) . The only two nonzero elements Q i and Q N−i+2 correspond to the h 1 th harmonic and h 2 th harmonic, in which h 1 = i − 1 and h 2 = N − i + 1. Obviously,
When i ∈ 2m m = 1, 2, . . . , (p + 1)/2 }, here is the same situation that only the ith and the
are nonzero. When the number of sectors N = 2p − 1 is odd, only the circumstances of i = 1, 2, . . . p need to be discussed which correspond to the 0, 1, . . . , p − 1 ND modes. The same results can be reached. The details are omitted for the sake of brevity.
The above analysis shows that the RMV of the tuned impeller with splitter blades contains two harmonic components rather than one. This is due to the existence of the splitter blades. In addition, it is also found that the order of the h 1 th harmonic is equal to the nodal diameter index of the mode, so that the order of the h 2 th harmonic can be obtained by Equation (18) as well.
in which, n ND denotes the nodal dimeter index.
Simplified Diffuser-Induced Engine Order Excitation
The excitation generated from the impeller-diffuser interaction is the main excitation acting on the impeller. The excitation frequency is proportional to the engine speed and the spatial nature of the excitation is in the form of a traveling wave [17, 39] . The unsteady force generated from the interaction is mainly acting near the trailing edges of blades [25, 27] . According to the Fourier analysis of the static pressure distribution at the impeller exit, the first harmonic pressure is dominant and the higher order pressures attenuate rapidly [40] . Thus, we can only use the first harmonic pressure in forced response calculation as a kind of simplification [27, 41] . Unlike the conventionally designed impellers, the amplitude of the aerodynamic force acting on the main blades is usually higher than that on the splitter blades [25] [26] [27] .
Suppose the jth blade and the (j + 1)th blade represent the main blade and the splitter blade of the ith sector, respectively, then the aerodynamic force acting on them can be written in the following form:
in which, F MB and F SB are amplitudes, n is the engine order of excitation, Ω is rotating speed of the impeller, j = 2i − 1 and i = 1, 2, . . . , N is sector index and all blades are equally spaced by the angle ∆θ = 2π/2N.
Resonance Conditions of Impellers with Splitter Blades
When the work done by the unsteady aerodynamic forces acting on the impeller is greater than zero after one cycle of the main harmonic, the resonance is excited, which leads to an increasing vibration amplitude. The resonance conditions will be derived based on this.
From Section 2.2, we have already known that the RMV obtained based on all blades contains two harmonic contents. Thus, the displacement of the j-th blade can be written as
in which A 1 and A 2 are the amplitudes of the corresponding h 1 -th and h 2 -th harmonic components respectively, ϕ t and ϕ h are generic phases for the time and the angle variables.
The speed of the j-th blade can be obtained as the partial derivative of the displacement with respect to time as shown in Equation (21) , in which ϕ j is the generic phase angle.
The work done to the whole impeller is
which is equal to the sum of the work done to each sector. The work done to the i-th sector W i is written as
Similar to Bertini et al.'s research [42] , the above equation yields the following results
Considering the physical meaning of the excitation order, n has to be positive. Thus, Equation (26) is rewritten as n = |±h + 2kN|, (27) in which h is taken as h 1 or h 2 .
Equations (25) and (27) constitute the resonance conditions of impellers with splitter blades. They indicate that only when the excitation frequency equals the natural frequency and the excitation order matches either harmonic index of the two harmonics, can the resonance occur.
Due to the existence of the splitter blades, the blade-based RMV of the impeller contains two harmonic components and the amplitudes of the two harmonics are usually different. This indicates that the excitations corresponding to the different harmonic components will lead to the different resonance states even for the same mode, e.g., the excitation corresponding to the dominant harmonic may arouse a larger resonant response. Numerical examples of the application of the proposed resonance conditions are given in the following section.
Numerical Analysis
Resonance conditions are not only used for judging whether the resonance occurs, but also can be utilized to determine the dangerous engine orders of excitation which can arouse the resonance of the target mode. Especially when mistuning is considered, the harmonic contents of a mode become more complex compared with the tuned mode, which makes more excitations of different engine orders capable of arousing the resonance of the impeller [36, 37] . In this situation, engine orders of these excitations need to be determined and the harmfulness of these excitations needs to be evaluated. Determination of the dangerous engine order of excitation helps to choose the appropriate number of vanes to avoid the resonance in advance.
In this section, two cases are provided. In the tuned case, the proposed resonance conditions are used for identifying the resonance of a practical impeller and the identification based on the conventional resonance conditions are also provided as a comparison. In the mistuned case, the engine orders of excitation which can arouse the resonance of the target mode are determined by the proposed resonance conditions and the conventional ones, respectively. Further, hazard evaluation is conducted for the excitations of various engine orders.
Description of the Model
The prototype centrifugal compressor is comprised of two parts: the impeller and the vaned diffuser. The impeller features 17 main blades and 17 splitter blades. The inlet diameter and the outlet diameter are about 165 mm and 310 mm, respectively. The blade heights are about 25 mm and 10 mm at the inlet and outlet of the impeller. The material properties used for the whole impeller are those of titanium (ρ = 4470 kg/m 2 , E = 110 Gpa, υ = 0.33). For this study, the finite element model of the impeller is established in the commercial package ANSYS Mechanical (Version 15.0 64-bit; ANSYS: Canonsburg, PA, USA, 2015) [43] . Additionally, the subsequent modal analysis and harmonic response analysis are performed in ANSYS Mechanical. The model is meshed with the eight-node hexahedral element, i.e., SOLID185 element type in ANSYS, as shown in Figure 2 . The front bore of the impeller is constrained circumferentially and the rear bore is constrained axially. The mesh dependency is checked with three mesh models of different mesh density and the result is shown in Table 1 . The first 200 frequencies are calculated for these models. Compared with mesh model III, the average frequency error is about 0.71% and 0.01% for the mesh model I and mesh model II, respectively. Considering that the main purpose of the numerical examples is to validate that the proposed resonance conditions and stress calculation are not of concern, mesh model II is employed with sufficient accuracy for modal characteristics. hexahedral element, i.e., SOLID185 element type in ANSYS, as shown in Figure 2 . The front bore of the impeller is constrained circumferentially and the rear bore is constrained axially. The mesh dependency is checked with three mesh models of different mesh density and the result is shown in Table 1 . The first 200 frequencies are calculated for these models. Compared with mesh model III, the average frequency error is about 0.71% and 0.01% for the mesh model I and mesh model II, respectively. Considering that the main purpose of the numerical examples is to validate that the proposed resonance conditions and stress calculation are not of concern, mesh model II is employed with sufficient accuracy for modal characteristics. 
Tuned Case
In this case, the analysis processes of identifying the potential resonance of the tuned impeller by the conventional resonance conditions and the proposed resonance conditions are given, respectively. The analysis process is independent with regard to the number of diffuser vanes, so only the configuration of the 21-vaned diffuser is used for illustration. As for the vaned diffuser, there are two different configurations, corresponding to the number of vanes of 19 and 21. Both designs can meet the aerodynamic performance requirements. In Section 4.2, the significance of the proposed resonance conditions in guiding the compressor design by choosing an appropriate number of vanes will be illustrated.
In this case, the analysis processes of identifying the potential resonance of the tuned impeller by the conventional resonance conditions and the proposed resonance conditions are given, respectively. The analysis process is independent with regard to the number of diffuser vanes, so only the configuration of the 21-vaned diffuser is used for illustration.
Resonance Identification by Conventional Resonance Conditions
Modal analysis of the impeller is carried out. The simplified Singh's advanced frequency evaluation (SAFE) diagram [17] is shown in Figure 3 . The first five main blade dominated mode families MBF1~MBF5 are connected by black solid lines and the first two splitter blade dominated mode families SBF1~SBF2 are connected by blue solid lines. The disk dominated mode families DF are connected by pink dashed lines. Some mixed modes are omitted for clarity. In the conventional resonance conditions, the frequency matching condition and the shape matching condition can be written as Equation (28) and Equation (29) , respectively, in which is the excitation frequency, is the natural frequency of the impeller, is the engine order of excitation, which usually takes the number of vanes or struts, is the number of sectors, is the nodal diameter index, and could be any integer.
From Equation (29), we know that the excitation generated from 21 vanes is capable of arousing the resonances of the ND4 modes. Thus, some of the ND4 modes are marked in the red box as shown in Figure 3 , which are likely to encounter resonances. The bottom and top of the box represent the lower and upper bound of the excitation frequency, which is limited by the operating range of engine speed. Because the excitation frequency corresponding to the idle engine speed is very close to the natural frequency of mode 94, mode 94 is chosen as the dangerous mode for further analysis. The mode shape is shown in Figure 4 . The deformation mainly occurred in the outer regions around the disk, the axial component of which is prominent. Besides, 13 nodal lines are obvious from the back view of the mode shape.
According to the conventional resonance condition (Equation (29)), the ND4 modes can only be aroused resonances by the excitations with = |±4 + 17 | = 4,13,21 …. Therefore, the engine order excitation caused by the 21-vaned diffuser can arouse the resonance of mode 94. In addition, from previous studies we know that for the excitations with = 4,13,21 … , the resultant resonant amplitudes are all the same [23] . In the conventional resonance conditions, the frequency matching condition and the shape matching condition can be written as Equations (28) and (29) , respectively, in which ω e is the excitation frequency, ω n is the natural frequency of the impeller, n is the engine order of excitation, which usually takes the number of vanes or struts, N is the number of sectors, n ND is the nodal diameter index, and k could be any integer.
According to the conventional resonance condition (Equation (29)), the ND4 modes can only be aroused resonances by the excitations with n = |±4 + 17k| = 4, 13, 21 . . .. Therefore, the engine order excitation caused by the 21-vaned diffuser can arouse the resonance of mode 94. In addition, from previous studies we know that for the excitations with n = 4, 13, 21 . . ., the resultant resonant amplitudes are all the same [23] .
view of the mode shape.
According to the conventional resonance condition (Equation (29)), the ND4 modes can only be aroused resonances by the excitations with = |±4 + 17 | = 4,13,21 …. Therefore, the engine order excitation caused by the 21-vaned diffuser can arouse the resonance of mode 94. In addition, from previous studies we know that for the excitations with = 4,13,21 … , the resultant resonant amplitudes are all the same [23] .
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Resonance Identification by the Proposed Resonance Conditions
From Section 2, we know that after the spatial harmonic content analysis of the target mode, the resonance of the impeller with splitter blades can be identified by the proposed resonance conditions.
As for the 17-sector impeller used here, the relationship between the nodal diameter index and the harmonic index for a vibration mode is shown in Figure 5 , which is obtained by Equation (17) . It indicates the harmonic contents of mode 94 contain the 4th harmonic and the 13th harmonic. In order to clearly get the respective contribution of mode 94, spatial harmonic contents analysis of the blade-based RMV is required. From Section 2, we know that after the spatial harmonic content analysis of the target mode, the resonance of the impeller with splitter blades can be identified by the proposed resonance conditions.
As for the 17-sector impeller used here, the relationship between the nodal diameter index and the harmonic index for a vibration mode is shown in Figure 5 , which is obtained by Equation (17) . It indicates the harmonic contents of mode 94 contain the 4 th harmonic and the 13 th harmonic. In order to clearly get the respective contribution of mode 94, spatial harmonic contents analysis of the bladebased RMV is required.
In Section 2.2, the blade-based RMV is extracted from the degrees of freedom of blades. This is easily obtained by the lumped parameter model. As for the prototype impeller shown in Figure 2 , the blade-based RMV can be formed by the axial modal displacements extracted from nodes with relatively similar positions on all blades' trailing edge regions. Here, the trailing edge nodes of all blades' tips are used for sampling. This is based on the following considerations: (1) the main and splitter blades have identical geometric characteristics in the trailing edge regions; (2) the diffuserinduced excitations mainly act near the impeller exit; (3) for the typical mode shape of impellers, the axial vibration at the outer regions of the impeller manifests as mode 94. The harmonic contents analysis is performed on the blade-based RMV and the result is shown in Figure 6 . It indicates the 13 th harmonic is apparently dominant and the 4 th harmonic, in contrast, is negligible. That is exactly why the ND4 mode exhibits 13 nodal lines.
According to the proposed resonance condition (Equation (27)), we know the 13 th harmonic component of the mode can be excited by the excitations with = 13,21 … and the 4 th harmonic component can be excited by the excitations with = 4,30 …. Thus, the excitation generated from 21 vanes can arouse the resonance of mode 94 by exciting the 13 th harmonic component. Additionally, due to the higher amplitude of the 13 th harmonic component, we conclude that the resonant amplitude aroused by the excitations with should be larger. In Section 2.2, the blade-based RMV is extracted from the degrees of freedom of blades. This is easily obtained by the lumped parameter model. As for the prototype impeller shown in Figure 2 , the blade-based RMV can be formed by the axial modal displacements extracted from nodes with relatively similar positions on all blades' trailing edge regions. Here, the trailing edge nodes of all blades' tips are used for sampling. This is based on the following considerations: (1) the main and splitter blades have identical geometric characteristics in the trailing edge regions; (2) the diffuser-induced excitations mainly act near the impeller exit; (3) for the typical mode shape of impellers, the axial vibration at the outer regions of the impeller manifests as mode 94.
The harmonic contents analysis is performed on the blade-based RMV and the result is shown in Figure 6 . It indicates the 13th harmonic is apparently dominant and the 4th harmonic, in contrast, is negligible. That is exactly why the ND4 mode exhibits 13 nodal lines.
According to the proposed resonance condition (Equation (27)), we know the 13th harmonic component of the mode can be excited by the excitations with n 1 = 13, 21 . . . and the 4th harmonic component can be excited by the excitations with n 2 = 4, 30 . . .. Thus, the excitation generated from 21 vanes can arouse the resonance of mode 94 by exciting the 13th harmonic component. Additionally, due to the higher amplitude of the 13th harmonic component, we conclude that the resonant amplitude aroused by the excitations with n 1 should be larger.
According to the proposed resonance condition (Equation (27)), we know the 13 th harmonic component of the mode can be excited by the excitations with = 13,21 … and the 4 th harmonic component can be excited by the excitations with = 4,30 …. Thus, the excitation generated from 21 vanes can arouse the resonance of mode 94 by exciting the 13 th harmonic component. Additionally, due to the higher amplitude of the 13 th harmonic component, we conclude that the resonant amplitude aroused by the excitations with should be larger. Figure 6 . Harmonic content of the RMV of mode 94.
Mistuned Case
In this case, the dangerous excitations of the target mistuned mode are determined by the proposed resonance conditions and the conventional ones, respectively. Further, the harmfulness of these excitations is evaluated.
Mistuning Parameter
Suppose the random blade mistunings are distributed uniformly with zero mean and 3% standard deviation for main blades and 1% standard deviation for splitter blades. The random mistuning pattern is shown in Table 2 . In the finite element model of the impeller, as shown in Figure 2 , the mistuning is introduced by modification of the Young's modulus of each blade. The mistuned elasticity modulus E i j of the jth blade of the ith sector can be expressed as:
where E t denotes the tuned elastic modulus and δ i j denotes the relative deviation of the jth blade of the ith sector.
Hazard Evaluation for Excitations of Various Engine Orders
Here, mode 192 is chosen as the target mistuned mode for the following analysis. It corresponds to the ND4 mode in MBF5.
When evaluating the harmfulness of the excitations with various engine orders in the conventional way, the ND components need to be analyzed for the mistuned mode first. Then, the engine orders of excitation corresponding to these ND components can be determined by the conventional resonance conditions using Equation (29) . After that, the harmfulness of these excitations can be ranked based on the corresponding amplitudes of the ND components [36, 37] . Here, the nodal diameter spectrum method proposed by Yao et al . is used to analyze the ND contents of the mistuned mode 192 and the result is shown in Figure 7a . The ND components are sorted by amplitudes in descending order: ND4, ND6, and ND3. According to Equation (29) , the engine orders of excitation which can arouse the corresponding ND components are n 1 = 4, 13 . . ., n 2 = 6, 11 . . . and n 3 = 3, 14 . . ., respectively. Thus, the harmfulness of these excitations can be ranked as follows: n 1 , n 2 , and n 3 . According to Section 2, the evaluating process is now conducted as follows: first analyze the harmonic contents of the target mistuned mode. This can be done by performing spatial harmonic content analysis of the blade-based RMV. Then, determine the engine orders of excitation based on the proposed resonance condition using Equation (27) . After that, rank the harmfulness of these excitations according to the corresponding amplitudes of the harmonic components. The spatial harmonic contents analysis result is shown in Figure 7b and the largest three harmonics are: ℎ = 15, ℎ = 2, and ℎ = 4. According to Equation (27) , the corresponding engine orders are = 15,19 …, = 2,32 … and = 4,30 … respectively. Thus, the harmfulness of these excitations can be ranked as follows: , , and . Obviously, different evaluation results are obtained. To validate the proposed resonance conditions and the evaluation results, harmonic response analysis is performed in the following section.
Validation and Discussion
Harmonic responses under the excitations of various engine orders are calculated for both the tuned and mistuned cases. From that, the validity of the proposed resonance conditions is verified. Then, the differences of the results obtained based on the proposed resonance conditions and the conventional ones are analyzed. Moreover, the significance of the proposed resonance conditions in guiding the compressor design is illustrated. Finally, the differences between the proposed resonance conditions and the conventional ones are discussed.
Harmonic Response Calculation
During the harmonic response analysis, the form of the excitation is that of Equation (19) . The amplitudes of the exciting forces are taken as 1 N and 0.8 N for the main blades and splitter blades, respectively. The structural damping in the harmonic response calculation is set as 0.005. Due to the According to Section 2, the evaluating process is now conducted as follows: first analyze the harmonic contents of the target mistuned mode. This can be done by performing spatial harmonic content analysis of the blade-based RMV. Then, determine the engine orders of excitation based on the proposed resonance condition using Equation (27) . After that, rank the harmfulness of these excitations according to the corresponding amplitudes of the harmonic components. The spatial harmonic contents analysis result is shown in Figure 7b and the largest three harmonics are: h 1 = 15, h 2 = 2, and h 3 = 4. According to Equation (27) , the corresponding engine orders are n 1 = 15, 19 . . ., n 2 = 2, 32 . . . and n 3 = 4, 30 . . . respectively. Thus, the harmfulness of these excitations can be ranked as follows: n 1 , n 2 , and n 3 .
Obviously, different evaluation results are obtained. To validate the proposed resonance conditions and the evaluation results, harmonic response analysis is performed in the following section.
Validation and Discussion
Harmonic Response Calculation
During the harmonic response analysis, the form of the excitation is that of Equation (19) . The amplitudes of the exciting forces are taken as 1 N and 0.8 N for the main blades and splitter blades, respectively. The structural damping in the harmonic response calculation is set as 0.005. Due to the effect of aliasing, the excitation order only takes from EO1 to EO17 [23] .
Tuned Results
The tuned harmonic response results are shown in Figure 8 . It can be seen that only the excitation of the engine orders satisfying Equation (27) The tuned harmonic response results confirm that the resonance of the impeller can be effectively identified by the proposed resonance conditions. Furthermore, the excitations of various engine orders can be further distinguished based on the spatial harmonic content, which is reflected from the amplitude of the ℎ th harmonic component in the proposed resonance condition via Equation (27) . Indeed, the resonance can also be detected by the conventional resonance conditions; however, these excitations cannot be distinguished in the conventional resonance conditions.
Mistuned Results
The mistuned harmonic response results are shown in Figure 9a . It can be seen that the engine orders of excitation corresponding to the largest three response amplitudes are = 15, = 2, and = 4. This means the most harmful excitations are the excitations of , , and respectively, which is in line with the evaluation results obtained based on the proposed resonance conditions in Section 3.3.2. Moreover, the maximum response amplitude of each excitation and the amplitude of each harmonic component are all normalized and compared in Figure 9b . It shows the variation trends are almost the same. The tuned harmonic response results confirm that the resonance of the impeller can be effectively identified by the proposed resonance conditions. Furthermore, the excitations of various engine orders can be further distinguished based on the spatial harmonic content, which is reflected from the amplitude of the hth harmonic component in the proposed resonance condition via Equation (27) . Indeed, the resonance can also be detected by the conventional resonance conditions; however, these excitations cannot be distinguished in the conventional resonance conditions.
The mistuned harmonic response results are shown in Figure 9a . It can be seen that the engine orders of excitation corresponding to the largest three response amplitudes are n 1 = 15, n 2 = 2, and n 3 = 4. This means the most harmful excitations are the excitations of n 1 , n 2 , and n 3 respectively, which is in line with the evaluation results obtained based on the proposed resonance conditions in Section 3.3.2. Moreover, the maximum response amplitude of each excitation and the amplitude of each harmonic component are all normalized and compared in Figure 9b . It shows the variation trends are almost the same.
Once again, it has been proved by the mistuned case that the resonance can be effectively identified by the proposed resonance conditions. More importantly, the results above indicate that when analyzing the harmonic content of a mistuned mode for impellers with splitter blades, the RMV should be extracted based on all blades rather than sectors. Analyzing in the conventional way may lead to the misjudgment of the harmfulness of the excitations.
The mistuned harmonic response results are shown in Figure 9a . It can be seen that the engine orders of excitation corresponding to the largest three response amplitudes are = 15, = 2, and = 4. This means the most harmful excitations are the excitations of , , and respectively, which is in line with the evaluation results obtained based on the proposed resonance conditions in Section 3.3.2. Moreover, the maximum response amplitude of each excitation and the amplitude of each harmonic component are all normalized and compared in Figure 9b . It shows the variation trends are almost the same. Once again, it has been proved by the mistuned case that the resonance can be effectively identified by the proposed resonance conditions. More importantly, the results above indicate that when analyzing the harmonic content of a mistuned mode for impellers with splitter blades, the RMV should be extracted based on all blades rather than sectors. Analyzing in the conventional way may lead to the misjudgment of the harmfulness of the excitations. 
Significance in Guiding the Compressor Design
As mentioned earlier, there are two configurations for the vaned diffuser: the 19-vane diffuser and the 21-vane diffuser. As for the mistuned mode with this specific mistuning pattern, the result of the hazard evaluation for the excitations of various engine orders can serve as a guide for choosing a more appropriate number of diffuser vanes. For example, the excitation of EO21, which corresponds to the 21-vaned diffuser configuration, is capable of exciting the 13th harmonic component of the mode. The excitation of EO19, which corresponds to the 19-vaned diffuser configuration, is capable of exciting the 15th harmonic component of the mode. From the mistuned harmonic response result, we have found that the excitation of EO19 is more harmful than the excitation of EO21. Therefore, the 21-vaned diffuser configuration is the better choice when only considering this particular mistuned mode. It should be pointed out that the matching between the impeller and diffuser is a complex process which involves effort from both the aerodynamic side and structural side. So, the example here is only used to illustrate the significance of the proposed resonance conditions in guiding compressor design.
In addition, as a means of vibration reduction, intentional mistuning has been studied and gradually applied to the conventionally designed bladed structures [38, 44] . The mechanism of it is to change the harmonic contents of the certain modes by introducing a special form of mistuning and thus to change the excitability of the determined excitation of these modes [37] . This indicates that the harmonic content of a mode must be determined when designing the intentional mistuning. From the research above, we know that as for impellers with splitter blades, the harmonic contents can be determined with the help of the concept of the blade-based RMV and the resonance can be identified by the proposed resonance conditions.
Differences from the Conventional Resonance Conditions
The differences between the proposed resonance conditions and the conventional ones are caused by the existence of splitter blades, which are reflected in the following points:
1.
The proposed resonance conditions are derived based on the impellers with splitter blades. The influences of splitter blades on the natural structural characteristics and excitation characteristics are taken into consideration. However, the conventional resonance conditions are derived based on the conventionally designed impellers without considering the splitter blades. 2.
The shape matching condition of the proposed resonance conditions is dependent with the total number of main and splitter blades, i.e., 2N in Equation (27) . For the conventional shape matching condition, it is dependent on the number of sectors, i.e., N in Equation (29) . 3.
The proposed shape matching condition is also dependent with the harmonic contents of the mode, i.e., h in Equation (27) , which are analyzed based on the blade-based RMV. For the conventional shape matching condition, it is related to the nodal diameter component n ND in Equation (29) , which is analyzed based on the duplicated sector by cyclic symmetry.
Conclusions
In this paper, the resonance conditions for impellers with splitter blades under the excitation from the impeller-diffuser interaction are proposed. The influence of splitter blades on the resonance conditions is investigated analytically and numerically. The applications of the proposed resonance conditions in identification of the potential resonances, determination of the dangerous engine order of excitation, and the hazard evaluation for excitations with various engine orders are illustrated in the tuned and mistuned cases. Moreover, the significance of the proposed resonance conditions in guiding the compressor design by choosing an appropriate number of vanes is discussed. The potential of the proposed resonance conditions in designing the intentional mistuning is also pointed out. Some main conclusions obtained from the current work are as follows:
1.
A lumped parameter model of the impeller with splitter blades is established for the first time.
For describing the traits of the impeller's modes adequately, the RMV should be extracted based on all main and splitter blades rather than sectors, i.e., the blade-based RMV should be used.
2.
The blade-based RMV of a tuned mode contains two harmonic components due to the existence of the splitter blades. For the conventionally designed impellers, the RMV of a tuned mode contains only one harmonic component.
3.
The proposed resonance conditions consist of two terms: (1) the excitation frequency equals the natural frequency of the impeller; (2) the excitation order matches either harmonic index of the two harmonics. When both terms are simultaneously satisfied, resonance occurs.
4.
The potential resonance can be effectively identified by the proposed resonance conditions. It also indicates that different resonance states of the impeller can be reached even for the same tuned mode. This is due to the different amplitudes of the harmonic components of a mode, which is reflected by the different values of h in the proposed resonance conditions. However, the conventional resonance conditions contain no information on this.
5.
The harmfulness of different excitations with various engine orders can be evaluated accurately by the joint use of the spatial harmonic analysis result and the proposed resonance conditions. Analyzing based on the conventional resonance conditions may lead to the misjudgment of the harmfulness of different excitations. So, when evaluating the harmfulness of the excitations with various engine orders for mistuned impellers, the proposed resonance conditions should be used instead of the conventional ones. Funding: This research received no external funding.
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